1. Introduction.-Perhaps the most significant aspect of differential geometry is that which deals with the relationship between the curvature properties of a Riemannian manifold M and its topological structure. One of the beautiful results in this connection is the (generalized) Gauss-Bonnet theorem which relates the curvature of compact and oriented even dimensional manifolds with an important topological invariant, viz., the Euler-Poincar6 characteristic x(M) of M.
In the 2-dimensional case, the sign of the Gaussian curvature determines the sign of x(M). Moreover, if the Gaussian curvature vanishes identically, so does %(M). In higher dimensions, the Gauss-Bonnet formula is not so simple, and one is led to the following This verifies geometrically, at least for n = 4, the main result (Theorem 8) in a paper due to S. Bochner.3 Assume that the metric of the Kaehler manifold Ml has been normalized so that every holomorphic sectional curvature H(X) satisfies X < H(X) < 1. The manifold is then said to be X-holomorphically pinched.1 5 By applying an extension of the technique used to obtain Theorem 1, together with a standard maximization method, an upper bound for X(M) is obtained in terms of the volume and the maximum absolute value of holomorphic curvature of Al. More important, an upper bound may be obtained in terms of curvature alone when holomorphic curvature is strictly positive. The technique employed to yield this bound also gives a known bound for the diameter of M.1 8 Indeed, a bound B on the Jacobian of the exponential map is first obtained by employing various facts about the exponential map, Jacobi fields, and 2nd variation of arc length. The bound on volume is then derived by integrating B on the interior of a sphere of radius 7r/V/ X in the tangent space.
In particular, if dim Af = n < 10, A procedure is outlined by which a meaningful formula for the Gauss-Bonnet integrand can be found when n = 6. The formula obtained is then used to yield THEOREM 6 . A X-holomorphically pinched 6-dimensional complete Kaehler manifold, X ) 2 -22/3(--'0.42), having the property (P), has positive Euler-Poincare'characteristic.
We note that the Ricci curvature is positive definite for this value of X, this being a consequence of a formula obtained relating curvature with holomorphic curvature.
An obvious modification gives negative characteristic when the holomorphic curvatures lie between -1 and -2 + 2213.
An example based on the formula employed to give Theorem 6 shows that for a compact Kaehler manifold of dimension > 6, it is not possible to prove, using only the algebra of the curvature tensor at a point, that nonnegative holomorphic curvature yields a nonnegative Gauss-Bonnet integrand.
In fact, we are strongly of the opinion that the Question cannot be resolved in this manner.
T. Frankel has conjectured that the compact Kaehler manifolds of strictly positive curvature are topologically, and even analytically, the same as the complex projective spaces. A. Andreotti and Frankel have already established this in dimension 4.9 In dimension 6, it is not yet known whether a compact Kaehler manifold of positive curvature is homologically complex projective space.
Complete proofs and details will be presented elsewhere.
